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1
$n$ . 2 $n$ $(x_{1}, x_{1}, \ldots, x_{n})$ $(y_{1}, y_{2}, \ldots, y_{n})$ ,
$x_{1}\leq y_{1},$ $x_{2}\leq y_{2},$
$\ldots,$
$x_{n}\leq y_{n}$ , $(x_{1}, x_{1}, \ldots, X_{n})\leq(y_{1}, y_{2}, \ldots, y_{n})$ .
, $f$ : $\{0,1\}^{n}arrow\{0,1\}^{n}$ :
1. $f$ . , $x\in\{0,1\}^{n}$ $y\in\{0,1\}^{n}$ , $x\leq y$
$f(x)\leq f(y)$ .
2. $f$ , . , $(x_{1}, x_{2}, \ldots, X_{n})\in$
$\{0,1\}^{n}$ ,
$f(x_{1}, x_{2}, \ldots, X_{n})=(xx_{\sigma}2),$
$\ldots,$
$X igma(n))\sigma(1),($
$\{1, 2, \ldots, n\}$ $\sigma$ .
(sorting) , .
, , .
, $0$ 1 ,
. $\mathrm{K}\mathrm{u}\mathrm{n}\mathrm{u}\mathrm{t}\mathrm{h}[4]$ , ,





, , ( ) ,
– ,
, , 2 , 2
, .
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. Ajtai $[1, 2]$ , ,
( $n$ $O(n\log n)$ ) (sorting network,





– , , 4 .
– , – $f$ .
$f(\mathrm{O}, \mathrm{O}, \mathrm{O}, \mathrm{o})=(\mathrm{O}, \mathrm{O}, \mathrm{O}, \mathrm{o})$, $f(1,0,0,0)=(1,0,0, \mathrm{o})$ ,
$f(\mathrm{O}, 1,0,0)=(1,0,0, \mathrm{o})$ , $f(1,1,0,0)=(1,1,0,0)$ ,
$f(\mathrm{O}, \mathrm{o}, 1, \mathrm{o})=(1,.0, 0, \mathrm{o})$ , $f(1, \mathrm{o}, 1, \mathrm{o})=(1,1,0,0)$ ,
$f(0,1,1,0)=(1,0,1, \mathrm{o})$ , $f(1,1,1,0)=(1,11,0)$ ,
$f(\mathrm{O}, \mathrm{O}, \mathrm{O}, 1)=(1,0,0, \mathrm{o})$ , $f(1,0,0,1)=(1,0,1, \mathrm{o})$ ,
$f(0,1,0,1)=(1,0,1,0)$ , $f(1,1,0,1)=(1,11,0)$ ,
$f(0,0,1,1)=(1,1,0,0)$ , $f(1,0,1,1)=(1,11,0)$ ,
$f(\mathrm{O}, 1,1,1)=(1,1,1, \mathrm{o})$ , $f(1,1,1,1)=(1,1,1,1)$ .
$f$ , . ,
















$\{1, 2, \ldots, n\}$
$\rho$ , $(x_{1}, x_{2}, \ldots , x_{n})\in\{0,1\}^{n}$ $(x_{\rho(1)}, x_{\rho}(2),$ $\ldots,$ $X(\rho n))$
– , $\rho$ .
$f$ : $Xarrow \mathrm{Y}$ $g:Yarrow Z$ , $g\mathrm{o}f:Xarrow Z$ $\ovalbox{\tt\small REJECT}$
$f$ , $x\in X$ , $(g\mathrm{o}f)(x)=g(f(x))$ .
, $f,$ $g,$ $h$ , $g\mathrm{o}f$ $h\mathrm{o}g$
, $h\mathrm{o}(g\mathrm{o}f)=(h\mathrm{o}g)\mathrm{o}f$ .
$f$ : $\{0,1\}^{n}arrow\{0,1\}^{n}$ , $f1,$ $f_{2},$ $\ldots,$ $f_{n}$ : $\{0,1\}^{n}arrow\{0,1\}$ $f$
, , $x\in\{0,1\}^{n}$ , $f(x)=(f1(x), f_{2}(x),$ $\ldots,$ $fn(x))$
$f=(f1, f2, \ldots, fn)$ .
1 $f=(f_{1}, f_{2}, \ldots, f_{n})$ : $\{0,1\}^{n}arrow\{0,1\}^{n}$ , 2
$f_{j_{1}},$ $f_{j_{2}},$
$\ldots,$
$fj_{k}$ , , $i_{1},$ $i_{2},$ $\ldots,$ $i_{k}\in$
$\{1,2, \ldots, n\}$ , $f_{j_{1}}(x_{1}, x_{2}, \ldots, X_{n}),$ $f_{j_{2}}(X_{1,2,\ldots,n}Xx),$ $\ldots$ , $f_{j_{k}}(X_{1,2,..,,n}Xx)$ ,
$(x_{i_{1}}, x_{i_{2}}, \ldots, x_{i_{k}})$ . , $i_{1}<i_{2}<\cdots<i_{k}$ . $\{0,1\}^{k}$
$\{0,1\}^{k}$ 1 .
22 $f$ $g$ , $\tilde{f}$ , $k$
, $k$ 2 $\rho,$ $\sigma$ , $\tilde{g}=\rho 0\tilde{f}0\sigma$ , $f\equiv g$ .
, $f$ $g$ , $f=\rho \mathrm{o}g\mathrm{o}\sigma$ $\rho$
$\sigma$ , $f$ $g$ .










$n$ 2 $f$ $g$ , $n$ $\rho$ , $f=\rho \mathrm{o}g$
, $f$ $g$ , .
, $f$ $g$ , .
98
$f$ , $f$
, . , 2




. . , 5
. , 2
, .
$n$ $(\mathrm{i},j)$- , $i$ $j$ –
, $i$ $j$ . , ( $i,D$- ,
$x=$ $(x_{1}, x_{2}, \ldots , x_{n})\in\{0,1\}^{n}$ , $f(x)=(y_{1}, y_{2}, \ldots , y_{n})$ , $y_{i}=x_{i}\wedge x_{j}$
$y_{j}=x_{i}x_{j}$ $f$ . ,
, $i$ j , ( $i$ ,D
.
– $f$ $g$ , $x$
$f(x)\leq g(x)$ , $f\leq g$ .
3 $i$ , $j$ $n$ . $f=(f_{1}, f_{2}, \ldots, f_{n})$ ( $i$ ,j)-
, $\{0,1\}^{n}=\{0,1\}^{n}\text{ _{ } _{ } }$ (hypercube) $\mathcal{H}_{n}$
$\{x\in\{0,1\}^{n}|f_{i}(x)\neq f_{j}(x)\}$ . $\mathcal{H}_{n}$
, – .
4 $n$ . $n$ $i$ $j$ , $f_{i}\leq f_{j}$ $\geq f_{j}$
$(\mathrm{i},[] j)$- $f=(fi, f_{2}, . . . , f_{n})$
.
( $i$ ,j)- .
1 . , $n$
, .
, 2 1 .
2 $f=(f1, f_{2}, \ldots, f_{n})$ , $c$ $n$ ( $i,D$ - .
, 2 .
1. $f_{i}\leq f_{j}$ $\geq f_{j}$ , $f’=(f_{1’ f_{2}.’\ldots,f’)f}’;n=C\mathrm{O}$ $f$
$f’$ $(i,j)$ - $f_{i}’\leq f_{j}’$ .
2. , $f’=(f_{1}’, f_{2}’, \ldots, fn)$’ $f_{i}’\leq f_{j}’$ $(i,j)$ , $f’$





2 . 1 , $\mathrm{K}\mathrm{u}\mathrm{n}\mathrm{u}\mathrm{t}\mathrm{h}\mathrm{l}4$ ] 534 40
( Graham[3]).
1 $f$ $=$ $(f1, f_{2}, \ldots, f_{n})$ $c$ $n$ ( $i,D$ - , $f’$ $=$
$(f_{1}’, f_{2}’, \ldots, f’n)=c\mathrm{o}f$ . $f_{i}\leq f_{j}$ $f_{i}\geq f_{j}$ , $f_{u}’\leq f_{v}’$
$(u, v)$ , $f_{r}\leq f_{s}$ $(r, s)$ .
, 1 .
$n$ $r=(r_{1}, r_{2}, \ldots, r_{n})$ , $r_{i}\leq r_{j}$ ( $i$ ,
$P_{\#}(r)$ .
$n$ $f$
. , $f=$ $\mathrm{o}g$ $g=$
$(g_{1},g_{2}, \ldots , g_{n})$ , $P_{\#}(g)$ – go . go , $\mathcal{G}_{n}$ . ,
$g_{0}$
$\mathcal{G}_{n}$ , $\mathcal{G}_{n}$ 2 2 , $P_{\#}(g\mathrm{o})>P_{\#}(g’)$
$g’$ , , $P_{\#}(g_{0})$ .
3
1 , –
, $n$ , .
, , $\mathcal{G}_{4}$ . , $\mathcal{G}_{3}$
, 3 , , 4
, $\mathcal{G}_{4}$ $\mathcal{G}_{4}$ 2
3 , .
, $n\geq 4$ , $n$
$\mathcal{G}_{n}$ , $n=5$ . 1 , $n=3,4,5$
, ,
, . , ,
2 .
, .
3 $n$ , $n$ $n$
$0$ .
100
3 , . .
$i=\lfloor n/2\rfloor,$ $j=\lfloor n/2\rfloor+1$ , $f=(f1, f_{2}, \ldots, f_{n})$ . , 1 $i$
1 , $0$ , $f_{j}$ , 1
$j$ 1 , $0$ .
, (standard sorting network) , $f$ .
, $X=$ { $x\in\{0,1\}^{n}|f_{i}(x)=1$ $f_{j}(x)$ $=0$} $n$
$\mathcal{H}_{n}$ $Gx$ , 1 $i$ $\{0,1\}^{n}$
– . , $(_{\lfloor n/\rfloor}^{n_{2}})=\Omega(2^{n}/\sqrt{n})$
, , $G_{X}$ . , ( $i,D$- $c$ , $f=c\mathrm{o}g$
$g$ , $2^{(_{\lfloor n/2})}n$ .
, , 1
$(_{2}^{n})(_{2}^{n})$
$1+ \sum_{i=2j}\prod_{=i}j\leq 2!\leq 2n^{2}\log 2n$
.








1’ , , $n$
. , , $\mathcal{G}_{n}$
.
$f$ $g$ , $f=g\mathrm{o}h$
$f\not\equiv g$ $f\not\equiv$ . $f\in$ , 2
$g$ , $f$
. , 4 , $g$
.
5( ) $n$ 1 $f$ ,
$A$ $B$ , $f$ $g$
$g\in A$ $\in B$ .
, $f$ $A$ $A$ , $f$ $A$
, $f$ $n$ , $f$
.
101
$C_{n}$ . , $f$
,
1. $f$ $\mathcal{G}_{n}$ .
2. $f$ $\mathcal{G}_{n}$ $C_{n}$ .
.
4 $n$ , $f$ . $f1$ $f_{2}$
$n$ , $f1\not\equiv f$ $f_{2}\not\equiv f$ . , $f=f_{2^{\mathrm{O}}}f1$
, $g_{1}\not\equiv f$ $g_{1}\in \mathcal{G}_{n}$ $g_{2}\not\equiv f$ $g_{2}\in \mathcal{G}_{n}$ $f=g_{2}\circ g_{1}$
, , $g\not\equiv f$ $g\in$ $n$ $\gamma$ ,
$f=g\mathrm{o}\gamma$ .
( ) $f1$ , $C_{1}$ $f_{1}’\in$ $f1=C_{1}\mathrm{o}f_{1}$’
( $f_{1}’$ , $C_{1}$ $f=C_{1}\mathrm{o}f1’$ , $P_{\#}(f_{1’})$
). $f1\in \mathcal{G}_{n}$ $C$ .
, $f_{2}$ $C_{2}$ $f_{2}’\in \mathcal{G}_{n}$ $f_{2}=C_{2}\mathrm{o}f’2$ .
$f\equiv f_{2}’\circ C1^{\circ}f1$’ . , 2 1 $f\not\in \mathcal{G}_{n}$
, .
$f\not\equiv f_{2}’$ . , $f\equiv f_{2}’$ , $f_{2}=C_{2}\mathrm{o}f’2\not\equiv f\equiv f_{2}’$ ,
1 $|f(B^{n})|=|f_{2}’(B^{n})|<|f_{2}(B^{n})|\leq|f(B^{n})|$ .
, $f\not\equiv f_{1}’$ .
$f\equiv f_{2}’\mathrm{o}C_{1}$ , $f_{2}’$ $g\in \mathcal{G}_{n}$ $C_{1}$ $\gamma$ , $f=g\mathrm{o}\gamma$
, $g,$ $\gamma$ . , $f\not\equiv f_{2}’\circ C_{1}$ .
$=f_{2^{\circ}}’c_{1}$ . $h\in \mathcal{G}_{n}$ , $g_{2}=$ , $g_{1}=f_{1}’$ , .
, $\not\in$ .
, $f=$ $\mathrm{o}f_{1}’$ $f\in$ $f\equiv f_{1}’$
, , $f\not\equiv f_{1}’$ . , .
$C’$ ’ $\in \mathcal{G}_{n}$ $=C’\mathrm{o}$ ’ . $f=C’\circ h’\circ f’1$
$f\equiv$ /o $f_{1}’$ . , 2 1 $f\not\in \mathcal{G}_{n}$
. , / $g_{2}\in \mathcal{G}_{n}$ $f_{1}’$ $g_{1}\in \mathcal{G}_{n}$ , $f=g_{2}\mathrm{o}g1$ .
1 $f$ $n$ $c$ . $c\mathrm{o}f$ $f$ ,
$|(c\mathrm{o}f)(\{0,1\}^{n})|<|f(\{0,1\}^{n})|$
.
, $S$ $X$ , $\{x\in S|(\exists y\in X)(y\leq x)\}$ $X$ ( $S$
) . 1 , $(i,j)$- $c$ , $f(x)=(f1(x), f_{2}(X),$ $\ldots,$ $fn(X))$
102
, $X=$ {$x\in\{0,1\}^{n}|f_{i}(x)=1$ $f_{j}(x)=0$} $\mathrm{Y}=\{x\in\{0,1\}^{n}|f_{i}(x)=$
$0$ $f_{j}(x)=1\}$ $U$ , $U$ $u$ ,
. , $u$ , ,
$x$ $y$ $d_{H}(x, y)$ { $x\in\{0,1\}^{n}|x\leq u$ $d_{H}(x,$ $u)=1$ }
$W$ ,
$W\subseteq X\cup \mathrm{Y}$,
$W\cap X\neq\emptyset$ $W\cap Y\neq\emptyset$
. 1 .
, 4 , $\mathcal{G}_{n}$ $C_{n}$
, ,
. , ,
, , – .
2 $f$ $g$ $n$ . $g\mathrm{o}f$ $f$ ,
$|(g\circ f)(\{0,1\}^{n})|<|f(\{0,1\}^{n})|$
.
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